We analyse numerically the finite-temperature behaviour of a dilute trapped Bose gas containing a large number of atoms. The generalized Hartree-Fock-Bogoliubov approximation is used to take into account the mutual interactions between the condensate and the thermal cloud. We confront our results with recent experiments and literature and explain in particular the experimentally observed departure from the Thomas-Fermi regime for the condensate radius and the aspect ratio. This clearly illustrates the compression effect of the thermal cloud on the condensate.
Introduction
Since the experimental discovery of the Bose-Einstein condensation (BEC) phenomenon [1, 2] , an increasing interest was devoted to the study of dilute trapped Bose gases. See e.g. [3, 4] and references therein for excellent reviews.
At finite temperature, the Hartree-Fock-Bogoliubov (HFB) approximation and its generalizations, being selfconsistent and gapless, are known to be very good candidates for the description of the thermal behaviour of the gas [5] [6] [7] [8] , except perhaps near the transition where some controversies still persist [9] .
There remain, however, many unanswered questions. One of the most challenging is the effect of the thermal cloud on the condensate, especially the compression effect, and the correlation between these two components (commonly referred to as the anomalous average). Recent experiments focusing on these effects [10] [11] [12] report clear evidence that the Gross-Pitaevskii equation supplemented with the CastinDum model for free expansion [13] does not provide definite answers for, say, the condensate radius or the aspect ratio. 1 Author to whom any correspondence should be addressed.
They indeed predict constant values for both quantities, which is reminiscent of the Thomas-Fermi (TF) behaviour. Most importantly, a recent numerical study based on the classical field approximation [14] reports that the previous experiments are not in mutual agreement and some of them do not coincide with the numerical results.
Moreover, in a recent work [15] , it was found that for high atom numbers, the non-condensate density and the anomalous density have no special structure near the centre of the trap which seems compatible with the experiment [10] (at least for the thermal cloud) but which contradicts the results of [8] . We must recall however that the generalized Hartree-FockBogoliubov (GHFB) numerical calculations performed in the latter reference consider only small atom numbers; hence, there is a necessity to perform the same calculations for high atom numbers in order to see to what extent the predictions of the GHFB approximation remain true.
It is to be mentioned that the previously discussed experiments are performed for intermediate atom numbers where there is a dramatic lack of numerical or analytical results. For instance, in [12] , a modified Hartree-Fock model had to be used in order to explain the departure from the TF regime. Indeed, most of the existing calculations (using the GHFB approximation) are either performed for small atom numbers (typically N ∼ = 10 3 as in [8] ) or for very high atom numbers (that is in the TF regime). In both cases, a direct comparison with experiment is clearly inadequate.
The purpose of this paper is to clarify this somewhat confusing situation by solving numerically the GHFB equations in the intermediate atom number regime. This will allow us to derive the condensate radius and the aspect ratio which are measured in the experiments [10] [11] [12] .
The numerical difficulties are twofold. First, one has to handle more and more quantum states as the temperature is increased. The code developed in [8] becomes rapidly unstable with growing N. It therefore requires to be improved in order to handle atom numbers as high as 10 4 -10 5 . Secondly, the UV divergences that appear in the anomalous density for high atom numbers must be regularized. The heuristic regularization method employed in [8] ceases to be efficient as soon as N 10 3 and hence it also needs to be improved. Finally, it is important to mention at this level that by increasing N, we do not intend to study strong interactions in this work, but rather the effect of the interactions on the parameters of the gas in realistic situations.
The paper is organized as follows. In section 2, we present the GHFB equations as well as the regularization schemes suited to small and then high atom numbers. In section 3, we present our main results together with comparisons with several works. Finally, we draw our conclusions and present some perspectives in section 4.
Brief summary of the HFB formalism
We consider a system of N boson gases interacting through a two-body contact interaction.
The second quantized Hamiltonian can be written as
In equation (2.1), ( r) and + ( r) are the boson destruction and creation field operators (in the Schrödinger representation) satisfying the usual canonical commutation rules
The trapping potential is assumed for simplicity to be harmonic V trap (r) = . As usual, we decompose the field operator ψ(r) into two parts: the c-number wavefunction that describes the condensate ϕ 0 (r) and a fluctuating operator describing the non-condensateψ(r):
By inserting this shift into the Hamiltonian (2.1) and averaging the non-quadratic parts, we may obtain two well-known approximations. Maintaining the anomalous averagem(r) = ˜ (r)˜ (r) yields the GHFB approximation [8] [9] [10] [11] [12] [13] [14] [15] [16] , while neglectingm(r) leads to what is often called the Popov approximation in the literature [17] .
The condensate wavefunction ϕ 0 (r) satisfies the generalized Gross-Pitaevskii equation [18] : (2.4) where n c (r) = N c |ϕ 0 (r)| 2 is the condensate density and n(r) ≡ ˜ + (r)˜ (r) is the non-condensate density (or thermal cloud). The quantitiesñ(r) andm(r) are determined by the quasi-particle amplitudes (u i (r), v i (r)) and energies E i by means of the following expressions: 6) where f B (E i ) is the Bose-Einstein function:
and
is the inverse temperature. The fugacity z is given by z
c (where N c is the number of particles in the condensate). The quantities u i (r), v i (r) and E i satisfy the coupled Bogoliubov-de Gennes equations [5, 8, 16] (2.8) in which
Equations (2.4)-(2.8) form a closed set to be solved selfconsistently. The point is that the anomalous density is UV divergent and requires regularization. To this end, one may use the prescription of [16] , which states that it is sufficient to remove the 1 from the 1 + 2f B (E i ) term in equation (2.6) . This prescription, however, becomes numerically inefficient for large atom numbers and we find it more convenient to resort to a better renormalization technique using the pseudopotential method [19, 20] . The latter consists of writing 10) and then adding and subtracting the quantitym(r)G 0 reg
is the regular part of Green's function associated with the non-interacting part of the Hamiltonian (2.1). A straightforward calculation yields 11) where ϕ 0 α is the harmonic oscillator basis corresponding to the shifted single-particle energies ε 0 α − μ. The regular part is given by the pseudo-potential prescription A simple way to compute this expression is given in [20] and yields 13) where R nl (r) are the radial functions of the harmonic oscillator. The final expression for the renormalized anomalous density is
(2.14)
Results and discussion
Let us consider a 87 Rb gas (m = 1.44 × 10 −25 kg) with s-wave scattering length a = 5.82 × 10 −9 m in a harmonic trap with frequency ω = 2π × 200 Hz. The numerical algorithm that we adopt is iterative and is described in the following. 
is less than a given tolerance which we fix to 10 −6 .
At each iteration, the chemical potential is computed selfconsistently by means of the 'natural' relation Nμ = N c μ c + Nμ, where μ c andμ are the 'chemical potentials' associated with the condensed and the non-condensed components of the gas. This relation has been extensively discussed in Yukalov et al [21] .
In order to test our algorithm, we first compare with Hutchinson et al [8] . We compute n c (r),ñ(r) andm(r) in the GHFB approximation for N = 2000 atoms for temperatures ranging from 0 to 100 nK. The results are plotted in figure 1 where we observe excellent agreement with reference [8] .
To proceed further, one may show that the code is able to solve the GHFB equations for high atom numbers. In figure 2 , we plot n c (r),ñ(r) andm(r) for various temperatures (up to the transition temperature T c ) for N = 2 × 10 4 . We note that the tendencies are the same as in the preceding figure, namely that the non-condensate density increases monotonically with temperature while the anomalous density increases with T up to T ≈ 0.5T c and then begins to decrease until it vanishes for T c . The same behaviour is observed in figure 3 for N = 1.4 × 10 5 . We note that even for N = 1.4 × 10 5 ( figure 3(a) ) the TF regime is not yet reached except near the centre of the trap for low enough temperatures. The discrepancies are more apparent at the borders of the trap where the TF approximation is known to break down.
The density profiles that we have just determined as functions of the temperature are seen to keep the same overall structures, which are not altered for high atom numbers until the TF regime is reached. This is to be contrasted with [15] , where in particularñ(r) andm(r) do not present any particular structure near the origin. We believe that the absence of this structure is an artefact of the finite-temperature TF approximation used there. Now that we are confident in the ability of our numerical algorithm to handle high atom numbers and high temperatures (below the transition), we may analyse various equilibrium quantities when N is varied. The condensate radius R is among the interesting parameters which measure the mutual interactions between the condensed and the non-condensed components, in particular the compression effect discussed in [10] [11] [12] 14] . This quantity may safely be defined as the point where the condensate density vanishes. In the zero temperature TF approximation, it is simply given by Triangles (magenta) are from [11] and circles (black) from [14] .
Recently, the new data reported by Zawada et al [11] have shown strong deviations from the TF expression (3.1) which persist even for high atom numbers [12] . The latter authors present a heuristic model in order to explain these deviations due to the lack of theoretical results in the TF regime.
In figure 4 , we present the condensate radius versus the condensate fraction as predicted by the GHFB approximation. For the sake of comparison, we also plot the data provided by [11, 14] and choose the value N c = 95 000. Furthermore, since our calculations are performed for an isotropic trap while [11] considers a non-isotropic one, we extract from the experimental data the mean size of the condensate which can be defined asR = (R 2 ⊥ R z ) 1/3 , where R ⊥ is the radial condensate radius and R z is the axial one. To complete the comparison, one should take into account the effect of free expansion. This can be represented by a time-scale factor C TOF (time-of-flight) [12, 13] : 2) where
and τ = tω z , t being the duration of free expansion. Using the experimental values of Zawada et al [11] , one finds C TOF = 1.46 for t = 22ms.
We observe the excellent agreement between the GHFB results and the experimental data of Zawada et al. Moreover, we have performed the same calculations for Nc = 75 000 and Nc = 85 000 and found the same overall agreement with [11] . What is noticeable is that the numerical results of [14] completely disagree with the whole set of data presented in the figure 4, both in the numerical values and in the tendency. Although the numerical discrepancies are justifiable (since the authors of [14] use a different number of atoms), the tendency is not. Indeed, the results of [14] predict an increase of the condensate radius with the condensate fraction which is incompatible with the compression effect visible here by the reduction ofR when N c decreases at constant condensate fraction.
Another quantity which also measures the mutual interactions between the condensate and the thermal cloud is the aspect ratio. It is the ratio between the kinetic energy and the mean field energy. At zero temperature, since the additional potential created by the non-condensate is negligibly small compared to the mean field energy of the condensate, we may safely write the aspect ratio as K/ gn c (r) , where K is the kinetic energy of the condensate. Figure 5 depicts the aspect ratio as a function of the number of condensed atoms as predicted by the GHFB calculations and measured by [11] for a pure BEC. In addition, the GHFB approximation here yields an overall good agreement with experiment and confirms the departure from the TF model [13] of Castin-Dum which predicts a constant aspect ratio. It should be mentioned, however, that the 3D GrossPitaevskii equation also provides quite good agreement with the experimental aspect ratio (see figure 1 of [11] ). The reason here is that this particular experiment is performed for a pure BEC which leads to a negligibly small effect of the thermal cloud.
Conclusion
In this paper, we explore numerically the finite-temperature behaviour of a Bose condensed gas containing a large number of atoms using the generalized Hartree-Fock-Bogoliubov (GHFB) approximation. The main goal is to clarify a set of somewhat confusing experimental and theoretical results since, for the regimes considered in these experiments (where the atom numbers are large), we were surprised to discover that there were no numerical results.
The GHFB approximation is free from several inconsistencies (such as the unphysical gap in the low-lying spectrum) but suffers from the appearance of ultraviolet divergences in the anomalous average. For low atom numbers, a heuristic prescription is sufficient, but as soon as N ≈ 10 4 (which is indeed the case in most experimental situations), we have to use the pseudo-potential method which is more robust since it allows us to numerically reach the typical values of N ≈ 2 10 5 . Well above, the Thomas-Fermi (TF) regime is almost reached.
Our built-up code consists of an iterative algorithm for both the self-consistency and the normalization. Indeed, the chemical potential, being an essential ingredient for the stability of the whole procedure, needs to be determined with high precision.
The numerical results are first compared successfully with those of Hutchinson et al [8] (where N = 2000) . N is then increased gradually and we determine the density profiles as functions of the temperature until the transition is reached for each case. These results allow us to compute various equilibrium quantities which are measured experimentally. We focus in this work on the condensate radius and the aspect ratio because of the somewhat contradictory claims invoked in recent experiments [11, 12] . We find excellent agreement with Zawada et al [11] for both these quantities, which leads us to conclude in favour of the latter reference. Moreover, the TF regime, illustrated by the Castin-Dum model which predicts a constant aspect ratio, is clearly inadequate here. The GHFB approximation therefore explains the departure from the TF regime observed experimentally and correctly takes into account the compression effect illustrated by the decrease of the condensate radius with the condensate number at constant condensate fraction.
